We show that the enhancement of backscattering responsible for the weak localization is accompanied by reduction of the scattering in other directions.
I. INTRODUCTION
The quantum correction to the conductivity arises from interference of electron waves propagating in opposite directions along closed paths. The interference is destroyed for trajectories which are long enough. In the absence of magnetic field and if spin effects may be neglected it happens due to processes of electron inelastic scattering which are usually taken into account by introducing the phase breaking time τ φ . At sufficiently low temperatures τ φ is much greater than the elastic scattering time τ and the motion of electrons may be described by a diffusion equation (diffusion approximation).
The corresponding conductivity correction is negative and in the two dimensional case is given by 1 :
Here L φ = (2Dτ φ ) 1/2 is the phase breaking length, D = l 2 /(2τ ) is the diffusion coefficient and l is the mean free path.
It is well known 2 , that Eq. (1) allows a simple quasiclassical derivation based on calculation of the probability for an electron to return to the origin.
The presence of magnetic field leads to the phase coherence distortion when the path linear dimensions are larger than the magnetic length l H = (hc/eB) 1/2 . With increasing magnetic field, B, the magnetic length becomes smaller than L φ and, accordingly, the conductivity correction decreases 3 . For relatively weak magnetic fields, when l ≪ l H ≪ L φ , the equation (1) is still valid with L φ being changed by the length of the order of l H . For stronger magnetic fields when l H ≪ l (but still l ≪ R c , R c is the cyclotron radius ), the main contribution to the conductivity correction comes from short closed trajectories with the length of the order of l H and the diffusion approximation is no more valid. This case was considered in the Refs. 4,5 and it was found that in two dimensions for short range potential
The quantitative theory of weak localization is based on the expansion of the conductivity in series of the small parameter (k F l) −1 , where k F is Fermi wave vector. The negative correction to the conductivity Eq. (1) arises in the first order of this parameter. It can be derived by summing so-called maximally-crossed diagrams (Fig. 1a) . These diagrams describe the coherent backscattering of the electron wave. In the case when the diffusion approximation is not valid, together with the diagrams (1a) one should also take into account the diagrams presented in Figs. 1b, 1c and 1d. These diagrams too, give a contribution to the conductivity of the order of (k F l) −1 but, in contrast to the diagrams (1a), their contribution is positive. The importance of these diagrams were emphasized in many works, but a clear quasiclassical interpretation of processes corresponding to these diagrams was never given. Moreover in Ref. 6 it was claimed that a quasiclassical interpretation of these processes is not possible. In this work we present a simple quasiclassical interpretation of any diagram of the first order in (k F l) −1 . It is shown that the contribution of these diagrams may be expressed through the classical probability for an electron to return to the origin at a certain angle to the initial direction of motion.
We discuss the possibility of describing weak localization effects in terms of a small change of the differential cross-section of a single impurity. The angular dependence of this modified cross-section for the case of zero magnetic field and the short-range impurity potential is presented in Fig. 2 . The positive peak near θ = π corresponds to the enhancement of backscattering described by the diagrams (1a) while the other diagrams in Fig. 1 are responsible for the decrease of the scattering rate in other directions, the total cross-section remaining unchanged. At the same time the transport cross-section changes and this is the reason for the weak localization corrections. This means that all first order in (k F l) −1 weak localization effects may be taken into account by changing the differential cross-section of a single impurity. A similar consideration is also possible when magnetic field is applied. In this case the effective cross-section depends on magnetic field.
It is also shown that within the diffusion approximation (L φ , l H ≫ l) taking into account the diagrams (1b,c and d) leads to the appearance in Eq. (1) of an additional factor 1/2 in the argument of the logarithm. At strong magnetic fields (l H < l), when the diffusion approximation is no longer valid, the contribution of the diagrams (1b,c and d) differs from that of the diagrams (1a) by the numerical factor only.
We calculate numerically the quantum correction to the conductivity for the total range of the classically weak magnetic fields. The results are presented graphically.
The paper is organized as follows. In the first section we give the necessary formulas and definitions. In the second section the derivation of the correction to the conductivity due to the diagrams (1a) is given in the coordinate representation. This method allows to reach more transparent physical presentation. In the third section the quasiclassical interpretation of the rest diagrams in Fig. 1 is given, using the same method. The dependence of the quantum correction on the magnetic field is considered. Finally, in the fourth section we discuss the possibility of describing the weak localization in terms of interference correction to the differential cross-section.
II. BASIC EQUATIONS
We consider the motion of 2D-electrons in a random potential V (r) = u(r−R i ), where R i is a vector of the position of i'th impurity, u(r) is a single impurity potential, which is supposed to be a short-range one. The correlation function of the total potential V (r) is given by:
Here the angular brackets denote averaging over the impurity's positions. Static conductivity is calculated with the use of the Kubo formula. It will be convenient for our purposes to write this formula in the coordinate representation:
Here m is the electron mass, S is the area of the system, G R,A e (r, r ′ , E F ) are respectively the retarded and advanced exact Green functions at the Fermi energy E F .
As is well known, the result of averaging over impurity's positions is represented as a sum of all the possible diagrams with solid lines corresponding to averaged Green functions and dashed lines corresponding to the potential correlation function.
The expressions for the averaged Green functions are given by
where τ =h 3 /(mγ) is the elastic scattering time 7 . These expressions have the following asymptotic behavior at distances exceeding the wave length
The Green functions G R and G A describe the divergent and convergent waves respectively.
These waves oscillate rapidly on the scale k give a quasiclassical interpretation for various terms in the diagram series, the quantity
playing an essential role. This is a classical probability density for an electron starting from the origin r = 0 to experience the first collision around point r.
In what follows we will make use of the relation
which may be easily derived from Eq. (4). Here we use the notation G
For a short-range potential, when the scattering is isotropic, the main contribution to the conductivity is given by the diagram without dashed lines, which corresponds to independent averaging of the Green functions in (3). It is easy to see that in this approximation Eq. (3) is reduced to the integral
where n is the electron concentration. This equation is in fact the classical Drude formula
III. COHERENT BACKSCATTERING CORRECTION
The coherent backscattering correction to the Drude formula (8) is described, in the first order in (k F l) −1 , by the diagrams (1a), the number of dashed lines being greater than two 8 .
These diagrams represent the contribution to conductivity related to interference of two processes depicted in Fig. 3a . An electron starting from the point i reaches the point f by two ways:
1) successively scattering on impurities 1, 2, ..., N ,
2) passing the same chain of impurities in the opposite order (N, N − 1, ...1).
It means that each section of the trajectory from 1 to N is passed twice. The amplitudes of these transitions are described by the functions G R and G A respectively which come into the expression for the conductivity correction as products γG
. Thus the phase difference of the two waves on the paths connecting points 1
and N is equal to zero and the quantity
appears in the expression for the conductivity correction. This quantity is the classical probability density to find an electron started from point 1 near the point N after N − 1 collisions.
The smallness of the contribution to conductivity of the diagrams (1a) in comparison with the main Drude's one (Eq. (8)) results from the initial and last sections of the trajectories (i, 1), (i, N) and (N, f ), (1, f ) that normally are passed only once (see Fig. 3a ). The total phase difference of the two waves at point f comes from these sections only and is given by
The smallness arises after integrating over the coordinates of the points i and f in Eq. (3), due to rapid oscillations of exp(i∆φ). The main contribution to the integral comes from such configurations for which the phase difference is stationary with respect to small variations of the coordinates of all four key points (i, 1, N and f ). This happens when all these points are close to one line, the points i and f lying on the one side from the section 1-N (see Fig.   3b ). That is why the processes described by the diagrams (1a) may be interpreted as an additional backscattering on a single impurity (the impurity 1 for the configuration depicted in Fig. 3b ).
We stress that it is the condition that the phase difference ∆φ be stationary that is important, but not the condition ∆φ = 0. There are configurations for which ∆φ = 0, but stationarity condition is not valid (for example, when the points i and f lie symmetrically with respect to the line 1 − N). Such configurations do not contribute to the quantum correction. It turns out however, that in the case presented in Fig. 3b the total phase difference is equal to zero and constructive interference takes place.
The coherent backscattering correction to conductivity can be expressed through the classical probability density for an electron to return to the area of the order lλ F (λ F = 2π/k F ) around the impurity 1 (see Appendix A):
Here
is the sum of probability densities for an electron to return to the origin after 3, 4, .. collisions.
In what follows, for the sake of brevity we will name this quantity as the total probability of return 9 .
It is easy to see that
Here the quantity P k = (k 2 l 2 + 1) −1/2 is the Fourier-transform of P (r).
The fact that electron should return to the area λ F l around the impurity 1 can be explained in the following way. The distance between points 1 and N should be of the order of l in consequence of waves fading on the mean free path. Thus only paths which pass at a distance (λ F l) 1/2 from impurity 1 (see Fig. 3b ) interfere.
Without taking into account the inelastic processes the integral in (12) diverges logarithmically. In order to take into account such processes one can replace 1/τ by (1/τ + 1/τ φ ) in the Eq. (4). Then the quantity P k is given by
After integrating in (12) we finally obtain
This formula represents the coherent backscattering correction to conductivity.
IV. CORRECTION TO THE CONDUCTIVITY DUE TO SCATTERING AT ARBITRARY ANGLE
The set of diagrams which describe the corrections to conductivity of the order of (k F l)
is not restricted by the series of diagrams (1a) only. The diagrams presented in Figs. 1b, 1c
and 1d should also be taken into account. In the absence of magnetic field the contributions of such diagrams to the conductivity are of the same absolute value but differ in sign. The contribution of the diagrams of Figs. 1b and 1c is positive whereas the contribution of the diagrams in Fig. 1d is negative. It is easy to show, that magnetic field does not change the contributions of diagrams in Fig. 1c and Fig. 1d and they still compensate each other.
Thus, when calculating the correction to conductivity one should take into account only the diagrams in Fig. 1b , both in the presence and in the absence of magnetic field .
Let us show that the process described by diagrams (1b) can be easily interpreted quasiclassically (the diagrams in Figs. 1c and 1d allow a similar interpretation) . Such a process is depicted in Fig. 4a . An electron starting from point i reaches point f by two ways: 1) consecutively scattering by impurities 1, 2, ..., N and finally by impurity 1 again, 2) scattering in the opposite order by impurities N, N − 1, .., 2, and having no collisions at all with impurity 1.
The classical quantities P (r j − r j+1 ) not containing phase factors correspond to the intervals (2, 3), (3, 4) , .., (N − 1, N) . The integration over the coordinates of impurities 3, ..., N − 1 leads to the appearance of the function W N −2 (r N − r 2 ).
The phase difference of the two paths ending at the point f depends on the lengths of the intervals (i, 1), (1, 2) , (N, 1), (1, f ) and (i, N), (2, f ). and is given by
Let us fix the positions of the points i, 1, f and then integrate over the coordinates of the impurities 2, N. Because of the phase stationarity requirement the contribution to the conductivity arises only from the configurations in which the points N and 2 lie close to the lines i-1 and 1-f respectively in angles of the order of (k F l) −1/2 (see Fig. 4b ). In this configuration ∆φ is equal to zero. It is clear from Fig. 4b that the process described by diagrams (1b) can be interpreted as a coherent changing of the scattering by the impurity 1 at angle θ. It can be shown that a reduction of scattering takes place.
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The expression for the conductivity correction due to processes of Fig. 4b can be written as (see Appendix B):
Using the Fourier transformation one can get
where P ′ k = (1/kl)(1 − P k ) is the Fourier component of the function −iP (r) cos α, α is the angle of the vector r. Calculating the integral in Eq. (18), we finally obtain:
Note that this correction is positive in contrast to contribution due to the coherent backscattering. In the diffusion approximation (τ φ ≫ τ ) the expression (19) simplifies:
The total (with accounting both (1a) and (1b) diagrams) weak localization correction to conductivity in the diffusion approximation is given by
Thus when the diffusion approximation is valid the contribution of the diagrams (1b) is logarithmically small compared to the backscattering one and just leads to the appearance of a factor 1/2 in the argument of the large logarithm.
Beyond the diffusion approximation, when only the trajectories with a small number of collisions are important, the situation is quite different. This happens in sufficiently strong magnetic field when the magnetic length l H is of the order of the mean free path l, or less.
In this case the correction arising from diagrams (1a) does not contain the large logarithm and contributions of the diagrams (1b) and the diagrams (1a) differ only by a numerical factor of the order of unity.
In the presence of magnetic field, Eqs. (9), (11), (12) and (17) still hold, but the quantity P (r − r ′ ) should be replaced bỹ
Using Kawabata's method 11 one can expand the functionsP (r), W (r) in terms of the eigenfunctions of a particle of charge 2e in a magnetic field B and obtain
where (1a) and (1b) respectively. In the high-field limit the quantum correction to conductivity has the 
V. INTERPRETATION OF THE WEAK LOCALIZATION IN TERMS OF CHANGING OF IMPURITY SCATTERING CROSS-SECTION
The method presented above allows to give a transparent interpretation of weak localization effects.
In Refs. 12,13 the effects, described by the diagrams (1a) were treated in the frame of the Boltzman transport equation. The authors of Ref. 13 claim that the main weak localization effect is an effective reduction of elastic scattering time.
Using the ideas of these works it is easy to show that the processes related to diagrams (1b) can be considered in the frame of the Boltzman transport equation as well as coherent backscattering processes. One should just replace the isotropic cross-section S 0 by the following expression:
Here the function S(θ) is the modified impurity scattering cross-section which is represented schematically in Fig. 2 and
The term
corresponds to the coherent backscattering at small angles of the order of (k F l) −1 . The function ∆(π − θ) is concentrated in this angle and the integral of it over θ is equal to unity.
The quantity C is expressed through the total probability of return W :
In the diffusion approximation
The function ∆S b (θ) is negative and corresponds to a decrease of scattering at angle θ, being described by the diagrams in Fig. 1b . This function can be expressed through the total probability W (θ) for an electron to return to the origin at an angle θ to the initial direction of propagation
The return probability W (θ) is given by
The integration in this equation should be done over absolute values of vectors r, r ′ , the angle between them being fixed and equal to π − θ. For τ φ ≫ τ the straightforward calculation
gives
This expression is correct for |π − θ| > (k F l) −1 . In the opposite case cos(θ/2) in the second term should be replaced by the quantity of the order of (k 
This means, in contrast to the statement in Ref. 13 , that the weak localization effects do not change the elastic scattering time, which is inversely proportional to the total cross-section.
The reduction of this time due to the coherent backscattering is exactly compensated by its enhancement due to the reduction of the scattering at other angles. This happens due to the fact that each impurity configuration, contributing to coherent backscattering, gives the contribution of the same value to scattering in angle θ too (see Figs. 3b and 4b ). At the same time, since the differential cross-section is anisotropic due to the quantum corrections (see Fig. 2 ), the transport scattering time changes and does not anymore equal to the elastic scattering time. This is the physical reason which leads to the quantum corrections to conductivity of the order of (k F l) −1 .
We want to emphasize that the correct treatment of weak localization effects in the framework of the Boltzman equation is only possible when the diagrams (1b) are taken into account. It can be explained by the following way. For inverse transport scattering time we
where the correction ν arises due to the term ∆S(θ) in Eq. (22). In the first order in (k F l)
the transport scattering time reads τ tr = τ (1 − τ ν). Then for the conductivity we get the following expression
It is easy to see that taking into account in this method only the contribution of diagrams (1a) (i.e., assuming that ∆S(θ) = ∆S a (θ) ) leads to the conductivity correction which is twice greater than the correct one.
Using Eq. (27) we obtain for the conductivity correction
where
These expressions for ∆σ a,b coincide with that derived by using the Kubo formula 14 . Note, that after integrating in Eq. (31) the isotropic part of ∆S b (θ) arising from the first term in Eq. (26) does not contribute to the conductivity. As a result the conductivity correction due to diagrams (1b) does not contain a divergent with τ φ contribution.
In the presence of magnetic field Eq. (22) remains valid. The quantities W and W (θ)
entering Eqs. (23) and (24) should be calculated in this case using Eqs. (9), (12) and (25) in which P (r) should be replaced byP (r). In the high-field limit only triangle paths are important and W (θ) is strongly anisotropic and conductivity corrections ∆σ a,b differ by numerical factor of the order of unity. 
VII. APPENDIX A
The conductivity correction corresponding to the diagrams (1a) is given by
Using Eqs. (6) and (9) we rewrite the expression (32) as
Using Eq. (7) for integration over r i , r f in Eq. (33) we obtain
Here we neglect the rapidly oscillating products G R G R and G A G A . Finally, using Eqs. (9,12) we derive Eq. (11) presented in the main text.
VIII. APPENDIX B
The conductivity correction corresponding to the diagrams (1b) is given by
The factor 2 in the Eq. (34) arises due to the consideration of both diagrams (1b) which are complex conjugated to each other. Using (6) and (9) we rewrite the expression (34) as
Using Eq. (7) and neglecting the rapidly oscillating functions we get Eq. (17) of the main text.
due to the renormalization of the imaginary part of the self-energy operator. It is easy to calculate the correction in the first order in (k F l) −1 . This correction, however, is not related to the weak localization effects, so that we don't consider it in this paper.
8 The diagram (1a) with two dashed lines should not be taken into account because in the first order in (k F l) −1 it is exactly compensated by the sum of two complex conjugated diagrams (1b) with two dashed lines.
9 S.Chakravarty and A.Schmid, Physic Reports, 140, 193 (1986) 10 In order to obtain the scattering reduction one should add to ∆φ an additional scattering phase acquired during the first way after two collisions with impurity 1 and take into account the phase factor arising due to integration over the impurity positions near the stationary phase configuration. The resulting phase difference between the two ways is equal to π. 
